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UNIT 9.6 - MATRICES 6
EIGENVALUES AND EIGENVECTORS

9.6.1 THE STATEMENT OF THE
PROBLEM

Let A be any square matrix, and let X be a column vector
with the same number of rows as there are columns in A.

For example, if A is of order m x m, then X must be of
order m x 1 and AX will also be of order m x 1.

We ask the question:

“Is it ever possible that AX can be just a scalar multiple
of X 77

We exclude the case when the elements of X are all zero.
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The formal statement of the problem

For a given square matrix, A, we investigate the existence
of column vectors, X, such that

AX = MX,

for some scalar quantity A.

Each such column vector is called an “eigenvector” of
the matrix, A.

Each corresponding value of A is called an
“eigenvalue” of the matrix, A.

Notes:
(i) The German word “eigen” means “hidden”.

(ii) Other alternative names are “latent values and la-
tent vectors” or “characteristic values and characteristic
vectors” .

(iii) In the discussion which follows, A will be, mostly, a
matrix of order 3 x 3.

9.6.2 THE SOLUTION OF THE PROBLEM



Let

ai bl C1 i
A=lay by c| and X=|y]|.
az by c3 z

Then the matrix equation, AX = AX, means

ar + by + iz = Ax,
asT + boy + coz = Ay,
asr + b3y + c3z = Az;

or, on rearrangement,
(ay — Nz + by +c1z = 0,

Ao + (bg — )\)y + 22
asx + b3y + (c3 — ANz =

|
o O

This is a set of homogeneous linear equations in x, y and
2z and may be written

where I denotes the identity matrix of order 3 x 3.

From Unit 7.4, the three homogeneous linear equations
have a solution other than x =0, y =0, 2z =0 if
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ay — A bl C1
‘A—)\H — a bz—)\ Co = 0.
as bg C3 — A

On expansion, this gives a cubic equation in A called the
“characteristic equation” of A.

The left-hand side of the characteristic equation is called
the “characteristic polynomial” of A.

The characteristic equation of a 3 X 3 matrix, being a
cubic equation, will (in general) have three solutions.

EXAMPLES

1. Determine the eigenvalues and eigenvectors of the ma-
trix
2 4

A= { - 3] .
Solution
(a) The eigenvalues
The characteristic equation is given by
2— A 4
5 3— Al A

The eigenvalues are therefore A = —2 and A = 7.

0= 2BA—14=(A+2)(A=T7).
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(b) The eigenvectors
Case 1. A\ = -2

We require to solve the equation x + y = 0,

giving x : y = —1 : 1 and a corresponding eigenvector
—1
1

)

X=al

where « is any non-zero scalar.
Case 2. A\ =7
We require to solve the equation bz — 4y = 0,
oiving x : y = 4 : 5 and a corresponding eigenvector
4
X —
g 5

)

where 3 is any non-zero scalar.



2. Determine the eigenvalues and eigenvectors of the ma-

trix
3 2 4
A=12 0 2
4 2 3
Solution

(a) The eigenvalues

The characteristic equation is given by

3—X 2 4
0=|A—MN|= 2 -—x 2 |.
12 3-—]

Direct expansion of the determinant gives the equation
AN 6N+ 1A+ 8 =0,
which will factorise into
(L+A)*8—)\) =0.

Note:

Students who have studied row and column operations
for determinants (see Unit 7.3) may obtain this by
simplifying the determinant first.

One way is to subtract the third column from the first
column and then add the third row to the first row.

The eigenvalues are therefore A = —1(repeated) and

A =38.



(b) The eigenvectors
Case 1. A =38
We solve the homogeneous equations

—bx + 2y +4z = 0,
20 — 8y + 2z = 0,
dr + 2y — bz = 0.

Eliminating x from the second and third equations
gives 18y — 9z = 0.

Eliminating y from the second and third equations
gives 18z — 18z = 0.

Since z appears twice, we may let z = 1 to give y = %
and z = 1 and, hence,

1
x:y:z:1:2:1:2:1:2

The eigenvectors corresponding to A = 8 are

2
1
2

X =«

)

where «/ is any non-zero scalar.



Case 2. \ = —1

We solve the homogeneous equations

dor + 2y + 4z = 0,
20 +y+ 2z = 0,
doe +2y +4z = 0.

These are all the same equation, 2x + y + 2z = 0.
First form of solution

Two of the variables may be chosen at random (say
y =0 and z = 7).

Then the third variable may be expressed in terms of
them; (in this case x = =38 — 7).

Neater form of solution

First obtain a pair of independent particular solutions
by setting two of the variables, in turn, at 1 and an-
other at 0.

For example y = 1 and z = 0 gives x = —% while
y=0and 2z =1 gives z = —1.

Using the particular solutions z = —%, y=12=0
and r = —1, y = 0, z = 1 the general solution is given
by
_5 —1
X=p|1 |+~ 0 a and (3 not both zero.
0 1




Notes:

(i) Similar results in Case 2 could be obtained by choosing
a different pair of the three variables at random.

(ii) Other special cases arise if the three homogeneous
equations reduce to a single equation in which one or
even two of the variables is absent.

ILLUSTRATIONS

1. If the homogeneous equations reduced to y = 0, the
corresponding eigenvectors could be given by

1 0
X=a|0]+~v]0].
0 1

This allows x = a and z = 7y to be chosen at random,
assuming that « and ~ are not both zero simultane-
ously.



2. If the homogeneous equations reduced to

3r + 5z =0,

then the corresponding eigenvectors could be given by

1 0
X=al| 0 |+06]|1
_3 0
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This allows x = « and y = (3 to be chosen at random,
assuming that « and 3 are not both zero simultane-
ously.
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