7 The matrix M is defined by

I
[l S B\ ]

—_ ) =
NS N T

(a) Show that M has just two eigenvalues, 1 and 3. (6 marks)
(b) Find an eigenvector corresponding to each eigenvalue. (5 marks)
The matrix M represents a linear transformation, 7, of three dimensional space.
(c) Write down a vector equation of the line of invariant points of 7. (1 mark)
(d) Write down a vector equation of another line which is invariant under 7. (1 mark)
Q Solution Marks Total Comments
7 @|2-4 -1 1
2 3-1 2 Mi
1 1 2-4
2=A6-51+1 -2)+1(2=20)+1(-1+ 1) | MI ae.f.
—A T2 -154+9 Al
(A=-D(A=-3)* =0 MIA1
A=lor3 Al 6 a.g.
b |1 -1 1 -1 -1 1
2 2 2Wwv=0, 2 0 2wv=0 M1.M1
1 11 I 1 -1
1 -1
Eg v=| 0 v=| 2 M1A1,A1 5 MIAL for either
-1 1
(c) [ 1
r=4 0 B1Y 1
-1
(d) [-1
r=ul 2 BIv 1
|1
Total 13




5 It is given that the transformation represented by the matrix

6 -6 1
M= 3 -3 1
2 -4 3
has invariant lines X=y=2z2
x=2y,z=0
(@ (i) Write down an eigenvector corresponding to each invariant line. (2 marks)
(i) Hence find the eigenvalues of M. (3 marks)
(b) Write down a matrix U and a diagonal matrix D such that
M=-UDU" (3 marks)
S@0 | [1][1][2
1,111 B2 B1 forany 1
1[2]]0
1] N
Gi) | M/1|=]1|= i=1
1] |1
SR
Ml|=[2|=4A=2
_2_ _4_
1 e
M1|=|3|=>4A=3 B3 Allow B1 for each eigenvalue
_0_ _0_
(b) 11 2] B1J/
U=[1 1 1
12 0
1 ] B1/
D= 2 Bl If orders correspond
L 34
Total




6 (a) Find the characteristic equation of the matrix
32
M=
141,

and hence find the eigenvalues of M, and corresponding eigenvectors, v; and vs.

(7 marks)
5
(b) () Express [_7] in the form av; + vy, where o and $ are real numbers. (3 marks)
1] 5
(ii) Hence find M [_7] . (3 marks)
Q Solution Marks Total Comments
6 @|)-1 2 |_ 0 M1
1 4-A" Al
B-A)4-1)-2=0
M —TA+10=0=>A1=2,5 MIAI

Gl o |
(b)G) [ ﬂ _ 4[21}_3{1] MIA2 3
ol b

1| 17 Al 3
5|13

Total 13




6 The matrix M is defined by

(a) Verify that M has an eigenvalue 1 and find a corresponding eigenvector.

SO B
— O

0
2
3

(5 marks)

(i) Show that M has only one other distinct eigenvalue and find this eigenvalue.

(4 marks)

(3 marks)

(2 marks)

(2 marks)

(b)
P
(i1)) Deduce that any non-zero vector of the form | ¢ |, where p and ¢ are real, is an
q
eigenvector corresponding to this eigenvalue.
(¢) (i) Find a Cartesian equation of a line /; lying in the plane x = 0 such that each point of
1 is invariant under the transformation T represented by M.
(i1) Find a Cartesian equation of another line /; in the plane x = 0 which is invariant
under 7.
Q Solution Marks Total Comments
6 (a) 300
# 3 5lug MIAI
012
30 0][x] [0
01 2| x<o
012z |0
2 3x=0 MIAI
y+2z=0
0
eigenvectoris |—2 AlF 5 OE
| 1
®G|[|4-2 0 0
0 2-4 2
0 13-4
—@ANE - -2)=2) MIAL Allow whenever this line appears
—[@—ANA—-4)A-1) AlF Provided quadratic factorises
P Al 4
(ii) 0o 0 offx 0
-2 2 2 =1 — 0 2 IJ
g ]_ _1 ¥ ApHEE M1 Accept | g |substituted in and verified
aiflsl [ gos s
¥y=z, xany value Al
P
eigenvector | g Al 3 AG
lg
(<)) 4 0 0] 0 0
x=0,y==2z|0 2 2||-2t|=]-2t
01 3 1 t
.. point invariant MIAL 2
(if) 4 0 offo 0
x=0,y=z 0 2 2f|e|=4¢t
01 30« t
.. invariant line MIALI 2
Total 16




4 The matrix M is given by

(@ ©

5
12

-2
-5

Find the eigenvalues of M and corresponding eigenvectors.

(i1) Write down a matrix U and a diagonal matrix D such that

Evaluate D?.

(iii)
(b) (@

M=UDU L

(ii) Hence find M'* and M'!.

Show that M" = UD" U™, where n is positive.

Q . . Solution Marks | Total Comments
4 (a)(i B =7
(a)(i) o5
12 -5-4
(5-A4) (-5-1)+24 Al
2-1=0 AlF
A==l AlF
=
A=1, A =) 0 L 2x—y=0 Ml Must have consistent equations
12 -6||y» 0 ?
. |
eigenvector is | _ Al no fi
6 -2 0
A=-1, =]} 3x-y=0
12 —4||» 0 ?
. ooo| A
eigenvector is . Al 7 no ft
@ U= |:1 i:} D= |:1 ﬂ:| BIFBIF 2 ft on incorrect eigenvalues and
273 0 -1 eigenvectors: must be consistent for both
Bl
(i) | D? =1 BIF I
(b)i) | M"=UDU™ UD U™'...(ntimes) Bl
Useof U'U=1 Bl 2 at any stage
M"=UD" U—I AG
()| M*=vD"U" MI could give M1 for UD" U~ =M"
=1 Al
M'=UDU" =M A 3
Total 15

(7 marks)

(2 marks)
(1 mark)
(2 marks)

(3 marks)



