FP2: De
Moivre’s
theorem

Past Paper Questions
2006 - 2014

Name:

Complex numbers
{r(cos@+isin@)}" =r"(cosnf +isinnf)

e' =—cos@ +1siné

2ok i

The roots of z" =1 are given by z=e " ,for k=0.1.2,. .n—1



January 2006

6 It is given that z = e?.

(a) (i) Show that

z+-—=2cos0

l‘l|u—c

(i1) Find a similar expression for

1
2+

Z

(i11)) Hence show that
1 1 5
2 gD ——+—=5=4cos" 0 —2cosf
(b) Hence solve the quartic equation

z4—z3+2z2-z+1=0

giving the roots in the form a + ib.

(2 marks)

(2 marks)

(3 marks)

(5 marks)




June 2006

7 (a) Find the six roots of the equation z® = 1, giving your answers in the form ¢'?, where
< <m. (3 marks)
(b) Itis given that w = ¢’ where 0 # nm.
() Show that ¥-—! = 2ising. (2 marks)
(i) Show that —=— = ————. (2 marks)
(111) Show that —fl— =cotf —1. (3 marks)
we—1
(iv) Given that z = cotf) — i, show that z + 2i = w?. (2 marks)
(c) (1) Explain why the equation
(z+2i) =25
has five roots. (1 mark)
(1) Find the five roots of the equation
(z+2i)® =25
giving your answers in the form a + ib. (4 marks)
February 2007
§ (a) Prove by induction that, if n is a positive integer,
(cos@ +isin0)" = cos n0 + isinn0 (5 marks)
(b) Find the value of (cos% + 1sin %)6 ; (2 marks)
(¢) Show that
(cos@ +ismn0)(1 +cosO@ —isinf) =1+ cosO +isinf (3 marks)
(d) Hence show that
(l +cos%+isin%)6+(l +cos%—isin%)6=0 (4 marks)




6 (a) Find the three roots of z3 = 1 , giving the non-real roots in the form e'?,

where —n<0 < =. (2 marks)
(b) Given that @ is one of the non-real roots of z3 = 1 ., show that
l+wo+w?=0 (2 marks)

(¢c) By using the result in part (b), or otherwise, show that:

: 0 I
(1) P e (2 marks)
2
o5 (&)
(i — T TR (1 mark)

k 2 \F
(111) (wL-i-l) + (w;)+ 1) = (-1)" 2cos§k1t, where £ is an integer. (5 marks)

June 2007

3 Use De Moivre's Theorem to find the smallest positive angle 0 for which

(cosO +isin0)" = —i (5 marks)

8 (a) (i) Given that z® —4z3 + 8 = 0, show that z3 =2 +2i. (2 marks)
(i1) Hence solve the equation
H-4348=0
giving your answers in the form re'? where r>0 and —x<0<m. (6 marks)
(b) Show that, for any real values of k and 0,
(z — ke'®)(z — ke %) = 22 — 2kz cos 0 + k2 (2 marks)

(c) Express z0 —4z3 + 8 as the product of three quadratic factors with real coefficients.
(3 marks)




January 2008

12 12

1 (a) Express 4 +4i in the form rei  where r>0 and -t <0 <n. (3 marks)
(b) Solve the equation
2 =4+4i
giving your answers in the form re? | where >0 and —n<0 < =. (5 marks)
6 (a) (i) By applying De Moivre’s theorem to (cos@ + isin 0)3 . show that
cos 30 = cos> 0 — 3 cos 0sin? 0 (3 marks)
(i1) Find a similar expression for sin30. (1 mark)
(111) Deduce that
tan 30 = ta:i:nz— 0312"11 ¥ (3 marks)
(b) (1) Hence show that tanl"—2 is a root of the cubic equation
=32 -3x+1=0 (3 marks)
(11) Find two other values of 0, where 0 <0 <m, for which tan@ is a root of this
cubic equation. (2 marks)
(c) Hence show that
tan1 — tans—n =4 (2 marks)




June 2008

8 (a) (1) Expand
(z +l) (z = l) (1 mark)
z z
(11) Hence, or otherwise, expand
Y -
(z + ;) (z — ;) (3 marks)
(b) (1) Use De Moivre’s theorem to show that if z=cos0 +1sinf then
2+ zin = 2cosnf (3 marks)
(i) Write down a corresponding result for z" —zln. (1 mark)
(c) Hence express cos? 0sin? 0 in the form
Acos60 + Bcos40 + Ccos20 +D
where A, B, C and D are rational numbers. (4 marks)
(d) Find jcos4 0sin 0 do . (2 marks)
January 2009
8 (a) Show that
(z4 - em)(z" - e'm) =28 —2%o0s0 +1 (2 marks)
(b) Hence solve the equation
A-A4+1=0
giving your answers in the form ¢'? | where —t<¢ <. (6 marks)
(¢c) Indicate the roots on an Argand diagram. (3 marks)




June 2009

xi
1 Given that z = 2¢'? satisfies the equation

4 = a(1 + V3i)
where a is real:
(a) find the value of a: (3 marks)
(b) find the other three roots of this equation, giving your answers in the form re? |
where r>0 and -t <0 <m. (5 marks)
January 2010
8 (a) (1) Show that = e;;i is a root of the equation zl=1. (1 mark)
(11)  Write down the five other non-real roots in terms of @ . (2 marks)
(b) Show that
l+o0+0*+0’ +0*+0° +0® =0 (2 marks)
(c) Show that:
(1) o +o’ = 2cos47n; (3 marks)
(11) cosz—n+ cos4—n+ cos()—1t = —l. (4 marks)
7 7 7 7
June 2010
7 (a) (i) Express each of the numbers 1 + V3iand 1—1i in the form re' | where » > 0.

(ii) Hence express

(1+v3)%1 —i)

in the form reio. where r > 0.

(b) Solve the equation
2=+ V3% —i)

giving your answers in the form av2 e’ | where a is a positive integer and
—n <0 <m.

(3 marks)

(3 marks)

(4 marks)




January 2011

8 (a)
(i)
(ii)

(b)

(c) (i)

(ii)
(d) (i)

(ii)

Express in the form re' | where » >0 and —n <0 <n:

41 +iV3);
41 —iv3).
The complex number z satisfies the equation
(z> —4)* = —48
Show that z* = 4 + 4V/3i.
Solve the equation
(23 —4)? = —48

giving your answers in the form re' | where r >0 and -1 <0 <.

Illustrate the roots on an Argand diagram.

Explain why the sum of the roots of the equation
(23 -4)2 =48

1S zero.

14 3n 5w In 1
tht v P — —_—— .
Deduce tha cosg+oosg-{—cosg+cos9 3

(3 marks)

(2 marks)

(5 marks)

(3 marks)

(1 mark)

(3 marks)




June 2011

7 (a) (i)

(ii)

(b)

(c)

Use de Moivre’s Theorem to show that
cos 50 = cos® 0 — 10 cos> 0 sin® 0 + 5 cos 0 sin* 0
and find a similar expression for sin50. (5 marks)
Deduce that
B 2 4
= tzmlgislo t:x:;a 7 +95+t:':1 00) Ok
Explain why 7 = tan—g— 1s a root of the equation

*—102+5=0

and write down the three other roots of this equation in trigonometrical form.
(3 marks)

Deduce that

5
tan%tan% =5 (5 marks)




January 2012

5 Find the smallest positive mteger values ol p and ¢ tor which
Tt . . T\P
(COS§ + 1S1n §)
= NG = 1 (7 marks)
(COSE — lSlnﬁ)
8 (a) Write down the five roots of the equation 2> = 1, giving your answers in the
form ¢i?, where ~t < 0 <. (1 mark)
(b) Hence find the four linear factors of
424224241 (3 marks)
(c) Deduce that
2 4
22 il 42" 4 22 = (: - 2cos?n+ :_') (: - 2cm?n+ :.'_l) (4 marks)
— 2 5-1
(d) Use the substitution z+z~! = w to show that cos%t = V5 e (6 marks)
June 2012
8 (a) Use De Moivre’s Theorem to show that, if z = cosf + isin @, then
g o
"+ == 2cosnl (3 marks)
| 4
(b) (i) Expand (:2 + 3) . (1 mark)
(ii) Show that
cos?20 = Acos80 + Bcos4l + C
where A, B and C are rational numbers. (4 marks)
(c) Hence solve the equation
8 cos* 20 = cos80 + 5
for 0 < 0 < m. giving each solution in the form km. (3 marks)
(d) Show that
.4
Py
l cos?20do = 3—“ (3 marks)
0 16




January 2013

8 (a) Express —4 + 4y/3i in the form rei?  where >0 and —m <0 <m. (3 marks)
(b) (i) Solve the equation 23 = -4+ 431, giving your answers in the form rel? | where
r>0and -t <0 <m. (4 marks)
(i) The roots of the equation z3 = —4 + 4/3i are represented by the points P, Q and R
on an Argand diagram.
Find the area of the triangle POR, giving your answer in the form kv/3, where k is
an integer. (3 marks)
(c) By considering the roots of the equation z3 = —4 + 4,/3 i, show that
cos%t + cos%t + cos%t e=xif) (4 marks)
June 2013
8 (a) (i) Use de Moivre’s theorem to show that
cos40 = cos* 0 — 6 cos® 0 sin® 0 + sin* 0
and find a similar expression for sin40 . (5 marks)
(ii) Deduce that
4tan0 — 4tan’ 0
tan40 = 3 marks
= I —6tan? 0 + tan* 0 e
(b) Explain why r = tanln—6 1s a root of the equation
B rar —6r—a+1=0
and write down the three other roots in trigonometric form. (4 marks)
(c) Hence show that
3 5 7
tan? 116 + tan? 1—16t + tan? 1—2 + tan? 1_16[ =J8 (5 marks)




June 2014

1(a)

(b)

Express - 9i in the form re’, where » >0 and 1t < 0 < =.

[2 marks]

Solve the equation z* + 9i = 0, giving your answers in the form rei’ where r > 0
and n<0<m.

(c)

[5 marks]
6 (a) (i) Use De Moivre's Theorem to show that if z = cosf + isin#, then
a i o
"~ — =2isinnt
) [3 marks]
1
(ii) Write down a similar expression for z" + —.
) [1 mark]
1?2 1\?
(b) (i) Expand (: ?) (: t :) in terms of z.
[1 mark]
(ii) Hence show that
8sin®fcos’0 = A + Bcos4l
where 4 and B are integers.
[2 marks]

Hence, by means of the substitution x = 2sinf, find the exact value of

2
J v2V4 — x2 dx
1

[5 marks]




