FP2:
Summations

Past Paper Questions
2006 - 2013

Name:



January 2006

1 (a) Show that

1 1 2r+1

2 I 0E A1) (2 marks)

(b) Hence find the sum of the first » terms of the series

3 5 7
12X22+22X32+32X42+ (4mark9)

4 (a) Prove by induction that
24+ (BXx2)+@x2)+...Fn+D2 =n2n
for all integers n = 1. (6 marks)

(b) Show that

2n
Z r+ 127" =22 (2" — 1) (3 marks)
r—n+1

June 2006

1 (a) Given that

2
re+r—1 1 1
L 4o pl-o—
rir+ 1) i (r r+ 1)
find the values of 4 and B. (3 marks)

(b) Hence find the value of

Srlhr—1
P rir+1) (4 marks)

6 (a) The function f is given by
f(n)=15"—8*~2
Express
fin+1)— 8f(n)
in the form & x 15”. (4 marks)

(b) Prove by induction that 15" — 8" ~Zisa multiple of 7 for all integers n > 2. (4 marks)




February 2007

amnAga —iairo

7 (a) Use the identity tan(4 — B) = T tand@nE with 4 = (r + 1)x and B = rx to show
that
tan(r + 1)x tanrx
tanrx tan(y + 1)x = — —1 (4 marks)
tan x tan x
(b) Use the method of differences to show that
tan 2
T 2n 2r 3w 19 20m 5
tan%tan% + tan%tan% + ...+ tan = tan <0 = tani — 20 (3 marks)
50
June 2007
1 (a) Given that f(z) = (r — 1)#7, show that
fr+1)—fF)=rBr+1) (3 marks)
(b) Use the method of differences to find the value of
99
Z r(3r + 1) (4 marks)
r—50
6 (a) Show that
1 k+1 k+2
1 — = 3 ks
( (k+1)2) T 20+ D) (3 marks)
(b) Prove by induction that for all integers n > 2
1 1 1 1 n+1
January 2008
2 (a) Show that
r+ 1) = r— 1 =2407 42 (3 marks)
(b) Hence, using the method of differences, show that
A
Zrzzén(n+l)(2n+l) (6 marks)
5 Prove by induction that for all integers n = 1
I3
Z(rz—i—l)(rl] =n(n+ 1)! (7 marks)

1




June 2008

2 (a) Given that

(b) (1) Given that

f(n) = n(n® +5)

1 A B
B P TP R PR § L PO T SOy
show that 4 :% and find the value of B. (3 marks}
(b) Use the method of differences to find
98 1
F_Zm rir+ D(r+2)
giving your answer as a rational number. (4 marks)
7 (a) Explain why n(r + 1) is a multiple of 2 when » is an integer. (1 mark)

show that f(k + 1) — f(k), where k is a positive integer, is a multiple of 6.

(4 marks}
(ii) Prove by induction that f(n) is a multiple of 6 for all integers n = 1. (4 marks)
January 2009
3 (a) Given that f(r) = Alrrz (r+ 1), show that
fr) —fr—1) =7 (3 marks)
(b) Use the method of differences to show that
2n 3
P = an(n + 1(5n+1) (5 marks)
F—H
6 Prove by induction that
2x1 22x2 23x3 2 xn 2+l

for all integers n = 1.

%3 34 " axs +“'+(n+1)(n+2)*n+2_

1

(7 marks})




June 2009

2 (a) Given that

1 4 n B
42 -1 2r—1 2r+1

find the values of 4 and 5.

(b) Use the method of differences to show that

442 -1 2n+1
r—1

7

(¢) Find the least value of » for which Z

(2 marks}

(3 marks}

differs from 0.5 by less than 0.001 .

i 4r2 —1
(3 marks)
January 2010
5§ The sum to r terms, S,., of a series is given by
S, =12 r+ 1) +2)

Given that u, is the rth term of the series whose sum is S, , show that:
(@ () wu; =6; (1 mark)
(i) wuy, =42, (! mark)
(i) u,=nn+1)4n—1). (3 marks)

(b) Show that
2n
Z u, = 3n*(n +1)(5n +2) (3 marks)
r—n+l
7 'The sequence uq, >, u3,... 1s defined by
Ml :2, Mk+1 :2uk—i—1
(a) Prove by induction that, for all » =1,
w, =3 x2"" 1 —1 (5 marks)
(b) Show that
1

Z U, =ty | — (n+2) (3 marks)




June 2010

2 (a) Express o+ 2) in partial fractions. (3 marks)
(b) Use the method of differences to find
48 1
; r(r+2)
giving your answer as a rational number. (5 marks)
6 (a)  Show that (kiZ)I - (!f:o’l)l - (k+23)1‘ 2 marks)
{b) Prove by induction that, for all positive integers #,
L rx 2 2t
;mzl—m (6 marks)
January 2011
2 (a) Given that
u, = %r(r—i— D{4r 4+ 11)
show that
, — th_q =r(2r + 3) (3 marks)
(b) Hence find the sum of the first hundred terms of the series
IX542X74+3Xx94 .. 4+r2r+3)+ ... (3 marks)
7 (@) Given that
f(k) = 12% 42 x 551
show that
flk+1) —5f(k) =a x 12*
where « 1s an integer. (3 marks)
(b) Prove by induction that 127 +2 x 57! is divisible by 7 for all integers » > 1.
(4 marks)




June 2011

3 (a) Show that
G+ —F—DI=0+r—1)F—-1)1 (2 marks)
{b) Hence show that
1
Z(errr—l)(r—I)l:(n+2)n1—2 (4 marks)
r—1
6 (a) Show that
4+ D@k +17?—1) =4 + 12k* + 11k +3 (2 marks)
(b) Prove by induction that, for all integers n > 1,
4374574+ (2= 1) = e — 1) (6 marks)
January 2012
4 The sequence uq , u5, 3, ... is defined by
Hy = 5 U, 1= 3
174 Ty,
Prove by induction that, for all n == 1,
3n—l—1 _3
u, = TS (6 marks)
June 2012
3 (a) Show that
oo r2
_ = 3 ks
r+2 r+1 (r+D{FE+2) (3 marks)
{b) Hence find
i r2r
= (r+1)(r+2)
giving your answer in the form 2” — 1, where » is an integer. (3 marks)
7 (a) Prove by induction that, for all integers n = 1,
3 5 7 2n+1 1
+ + +iit—==1-— 7 marks)
12 x 22 22 x32 32x42 n2(n+ 1) (n+ 1) (
(b) Find the smallest integer » for which the sum of the series differs from 1 by less
than 10 . (2 marks)




January 2013

1
3 (a) Show that 53 513 = G5r—2)r £3)° stating the value of the constant 4.
(2 marks)
(b) Hence use the method of differences to show that
& 1 n
— 4 ks
;(Sr—Z)(Sr—l—B) 3(5n 4 3) (4 marks)
(c) Find the value of
> 1
(1 mark)
; (5r —2)(5r +3)
7 The polynomial p(r) is given by p(n) = (1 —1)° +#° + (n + 1)%.
(a) (i) Show that p(k + 1) — p(k), where k is a positive integer, is a multiple of 9.
(3 marks)
(i) Prove by induction that p(r) is a multiple of 9 for all integers » = 1. (4 marks)
{(b) Using the result from part (a)(ii), show that n(n2 +2) is a multiple of 3 for any
positive integer ». (2 marks)
June 2013
3 The sequence u; , uy, uy, ... is defined by
Su, — 3
Prove by induction that, for all integers n =1,
3n+1
My =3 7 (6 marks)
4 (a) Given that f(r) = #2(2r% — 1), show that
£y —fr—1)=(2r — 1) (3 marks)
(b) Use the method of differences to show that
2n
Z (2r —1)° = 3n%(100° — 1) (4 marks)
r=n+1




